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Employing recent advances in the term structure estimation literature, this
paper explores alternative econometric methods for the estimation of the Gaus-
sian 3-factor sub-class of affine term structure models. Bond yields are taken
to be an affine function of state variables that are the result of an empirical
design consisting of structural rotations and affine invariant transformations.
This empirical design would allow for a comparison between estimating an
affine term structure model using the method of Collin-Dufresne, Goldstein,
and Jones (2008) and the method of Duffie and Singleton (1997), within the
context of Christensen, Diebold, and Rudebusch (2008). The contextual refer-
ence to Christensen, Diebold, and Rudebusch (2008) introduces restrictions that
fully exploit the apriori advantages of modeling within the Nelson-Siegel (1987)
framework as regards empirical performance. Using daily LIBOR rate and swap
rate quotes from June 1996 to July 2008 to extract a panel of 3,430 time-series
observations and 14 cross sections, this paper argues that, in contrast to what
the recent literature suggests, a term structure model that is estimated using
the method of Collin-Dufresne, Goldstein, and Jones (2008) does not perform
significantly better in fitting yields, at any horizon, than the more traditional
methods used in this literature. I work in the equivalent risk-neutral measure.
Hence, while I cannot forecast out of sample, I also find preliminary evidence
that is suggestive of improvements in existing methods. Results are robust to
Kalman Filter Estimation.
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1 Introduction

This paper explores alternative methods for estimating state variables within
the context of the Gaussian sub-class of Affine Term Structure Models. It is
clear from the literature that 3 factors are sufficient to capture the majority of
yield curve dynamics. Hence, this paper focuses on the three factor model.

Through the imposition of restrictions that permit the Gaussian sub-class of
Affine Term Structure Models to be consistent with Nelson-Siegel (1987), I take
advantage of, apriori, the empirical benefits of modeling within the Nelson-Siegel
(1987) structure. For this reason, I compare alternative methods of estimating
state variables within the context of the Christensen, Diebold, and Rudebusch
(2008) model, which is generalized in Christensen, Diebold, and Rudebusch
(2007). Christensen, Diebold, and Rudebusch (2008) enforce the absence of
arbitrage, which is inherited from the canonical class of affine term structure
models, within the aforementioned Nelson-Seigel (1987) representation, hence
the name Arbitrage-Free Dynamic Nelson-Seigel (AFDNS) model. From the
standpoint of empirical performance, the Nelson-Siegel (1987) term structure
model is able to capture almost 96% of the variation in T-bill yields, however,
it lacks a theoretical structure that is consistent with the absence of arbitrage
(Nelson and Seigel, 1987), which presumably led Christensen, Diebold, and
Rudebusch (2008) to their modification.

1Coroneo, Nyholm, and Vidova-Koleva (2008) find that the Nelson-Seigel (1987) model
performs just as well as the Christensen, Diebold, and Rudebusch (2008) model, and hence
conclude that the enforcement of the absence of arbitrage restriction did not impact empirical
performance at all. Almeida and Vicente (2008) find that the imposition of the no-arbitrage
restriction improves the ability of the model to produce accurate forecasts. Duffee (2009)
develops statistical tests to pin down the role of no-arbitrage on the forecasting ability, and in
his application to dynamic term structure models finds that while the no-arbitrage restriction
does not impact the ability of the model to produce accurate forecasts, he also argues that it
slightly sharpens the results. Joslin, Singleton, and Zhu (2009) note that within the context
of the AFDNS model, the no-arbitrage plays no role in the ability of the model to produce
accurate forecasts. Consistency with the absence of arbitrage is a precursor for the devel-
opment of a term structure model since bond markets are very liquid so that any arbitrage
opportunities are assumed to be traded away instantaneously leading to the elimination of
any risk-less profit opportunities (Ang, Dong, & Piazzesi, 2007)



Nelson and Seigel (1987) inspired models are also advantageous due to their
simple and parsimonious structure and their flexibility to accommodate many
shapes of the yield curve. Krippner (2006) also develops a class of theoretically
consistent Nelson-Seigel models, however, it was formulated in discrete-time. So,
although it is derived within the Heath, Jarrow, & Morton (1992) framework,
it is not consistent with the majority of the models in our literature.?

Through the combination of the insights of Diebold and Li (2006) with those
of Duffie and Kan (1996), Christensen, Diebold, and Rudebusch(2008) arrive
at a model that is theoretically consistent with the absence of arbitrage and
the Nelson-Siegel (1987) framework. While this model possesses some desir-
able properties, it may be worthwhile to utilize those properties through the
model of Collin-Dufresne, Goldstein, and Jones (2008), which they claim has
structural appeal that translates into advantages for the estimation and inter-
pretation for model fitting of the yield curve. In order to fully exploit the struc-
tural appeal of the model of Collin-Dufresne, Goldstein, and Jones (2008) with
the Nelson-Siegel (1987) restrictions of Christensen, Diebold, and Rudebusch
(2008), I transform the equivalent risk-neutral dynamics of the arbitrage-free
dynamic Nelson-Seigel (AFDNS) model into a model that retains the apriori
empirical appeal of Christensen, Diebold, and Rudebusch (2008), while captur-
ing the structural appeal of Collin-Dufresne, Goldstein, and Jones (2008). In
this manner, T am able to allow the model to fall within the Ag(3) sub-class of
models as well as preserve the ”canonical” nature, in the language of Singleton

(2006), of the two models.

2The Duffie and Kan (1996) formulation fits within the Heath, Jarrow, and Morton (1992)
framework which, among other assumptions, specifies a relationship between the forward
rate curve and the expected future spot rate. Because of the linearity afforded by the affine
representation, the Markov state variables in the Duffie and Kan (1996) can be taken to be the
forward rates for given maturities. Thus, Duffie and Kan (1996) can be viewed as a Markov
representation of the Heath, Jarrow, & Morton (1992) framework (see for e.g. Duffie and Kan
(1996) or Frachot and Lesne (1993)). In Heath Jarrow and Morton (1992), the bond price
process is non-Markov because the drift and volatility terms are dependent upon the history
of the Brownian motion process



This transformation is permissible because the canonical affine term structure
representations of Dai and Singleton (2000) consist of latent factors (see for
e.g. Singleton(2006), Dai and Singleton (2000), or Collin-Dufresne, Goldstein,
and Jones (2008) (henceforth called CDGJ(2008))). Dai and Singleton (2000)
remark that their representations are equivalence classes and hence, not unique
to invariant transformations which implies that it is possible to convert one
Ap(3) model to another and yet remain within that class.®> Joslin, Singleton,
and Zhu (2009) impart new information about the estimation of Gaussian term
structure models and suggest that there are benefits to carrying out these kinds
of transformations.

The aforementioned transformation will allow me to compare, within the con-
text of Nelson-Siegel (1987), models with state variables that are traditionally
used in the literature with models that employ the set of state variables de-
veloped within the CDGJ (2008) framework. According to CDGJ(2008), their
framework is superior to more traditional frameworks used to measure state
variables due to its direct tie to the short-end of the yield curve. CDGJ(2008)
point out, for example, that in their setting, the three state variables r,uq,
and peo, by definition, are taken to be the level state variable, its drift, and
the drift of the drift, respectively, under the equivalent risk-neutral measure.
As CDGJ(2008) argue, since the level of the short rate is tied directly to the
yield curve, its drift and the subsequent drift of the drift is also tied to the
yield curve directly and should be superior, at least at short maturities, to a

method that does not directly use known information about the yield curve at

3This also implies that two models that may seem superficially different could in fact
be the same model. For example, Joslin, Singleton, and Zhu (2009) find that the AFDNS
model of CDR(2008) is an invariant transformation of Dai and Singleton (2000). Another
good example of this idea is a model proposed by Babbs and Nowman (1999). This model
is ”maximal” in the sense of Dai and Singleton (2000), however, there are multiple solutions
which satisfy the requirements of a maximum for the conditional likelihood function (see, e.g.,
Collin-Dufresne, Goldstein, and Jones, 2008). Kim and Orphanides (2005) remark further
that this phenomenon leads to the possibility of multiple optimizers that can all lead to very
different implications for economic behavior.



short maturities. This paper investigates this claim by comparing the method
of CDGJ(2008) as a method for estimating state variables against the method
of Duffie and Singleton (1997) or Pearson and Sun (1994) for estimating state
variables within the context of affine term structure models.

This paper argues that the inversion method, which I refer to in the tradi-
tional sense of Pearson and Sun (1994) or Duffie and Singleton (1997), as an
econometric method of choice used to estimate state variables does not perform
significantly worse, as regards empirical performance at any horizon, than the
method suggested by CDGJ (2008), henceforth called the CDGJ (2008) method.
Robustness of the estimation results is verified through estimation by a Kalman
Filter, which as the literature notes is the most efficient method of parameter es-
timation. (see for e.g. Dejong (2000), Hamilton (1994), or Chen and Scott(1993)
for more information about the Kalman Filter estimation method). The stark
differences in empirical performance obtained in the recent literature seem to
have been a manifestation of the choice of yields and not related to the superior
choice of econometric methods used to estimate the term structure model. This
result should not be surprising given the fact that Joslin, Singleton, and Zhu
(2009) find the model of CDR (2008) to be an invariant transformation of Dai
and Singleton (2000) (Joslin, Singleton, and Zhu, 2009). This research also con-
cludes that econometric methods that have been suggested by the recent term
structure literature (see for e.g. Dai and Singleton (2000), Singleton (2006),
CDGJ(2008), or Joslin, Singleton, and Zhu (2009)) can be successfully used to
improve the empirical performance of affine term structure models. While, 1
cannot forecast out of sample, preliminary evidence is suggestive of improve-
ments in existing methods.

The rest of the paper is organized as follows: Section II revisits the standard

class of Affine Term Structure Models. Section III describes the data and the



extrapolation procedure used to obtain zero-coupon treasury yields from swap
rate quotes. Section IV presents the method of CDGJ (2008)). Section V
presents and interprets the results. Section VI presents and interprets the yield

errors. Finally, Section VII gives the conclusion.

2 The Affine Class of Term Structure Models

The standard Affine class of term structure models of Duffie and Kan (1996) and
Dai and Singleton (2000) postulate state variables, X that evolve according to
the following Markov N-dimensional transition dynamics under the equivalent

risk neutral measure
dX; = k969 — X})dt + 2v/SpdZ2

where k9 is an Nz N matrix, 09 is an N-dimensional vector, ¥ is an NaM
matrix, and dZtQ is a vector of M independent brownian motions, where (M >

N). Furthermore, S is a diagonal MxM matrix that takes the following form
Siie = a; + 5 X
The spot rate is also taken to be an affine function of X,
re = 0, + 07 Xy

where d; is an N-dimensional vector. According to this model, for a given

maturity 7, zero coupon bond prices take the following exponential affine form
P(t,7) = exp (a(t) + b(1)" X;)

where the state variables a(7) and b(7)) solve the following system of ordinary

differential equations
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These ordinary differential equations or Ricatti equations can be solved using

standard Runge Kutta numerical methods with initial conditions

Yields are defined, in terms of price, to be P(t,7) = exp (—7Y (¢,7)) which

means that they can be written more succinctly as
Y(t,7) = A(T) + B(1)T X

where A(7) = —@ and B(7) = —@

The class of Affine Term Structure Models contains several models as spe-
cial cases. This list of models includes, but is not limited to the model of
Vasicek (1977), Langetieg(1980), Cox, Ingersoll, and Ross (1985), Jegadeesh
and Pennacchi(1996), Christensen, Diebold, and Rudebusch (2008), and Collin-
Dufresne, Goldstein, and Jones (2008) (see Dejong (2000) for a more compre-
hensive list). As scholars have noted, these proposed models have later been
determined to be a normalized or transformed version of a model that falls
within the Affine class of term structure models. All models that are estimated
here fall within that general class. More specifically, they fall within the Ay (3)

class of models that are Gaussian in nature.

2.1 The Aj(3) model

This paper focuses on the Ay (3) since many papers use it as a base to study term

structure models (see for e.g. Langetieg(1980), Collin-Dufresne, Goldstein, and



Jones (2008), Joslin, Singleton, and Zhu (2009)). The nice closed form solutions
afforded by the Gaussian setting yields a clean model environment from which
new learning about the data can happen. In this spirit, I present the Ag(3)

model in terms of the state variables

Tt //'?,t
_ R RQ
d| pul, | = s, dt + ¥"dB,
NéQt _()‘2/‘?,15 + 2>‘M2Q,t)

s

where X is an orthogonal matrix that is estimated numerically due to certain
imposed constraints associated with the transformation process (see Appendix
A and/or Appendix D for more details). Yields are then taken to be a function
of these state variables. The presentation of the above system of stochastic
differential equations for the state variable transition dynamics makes it easy
for the reader to understand the hype regarding the structural appeal of the
model.

The three state variables r,u1, and po, by definition, are taken to be the
level state variable, its drift, and the drift of the drift, respectively, under the
equivalent risk-neutral measure. The level of the short rate is tied directly to
the yield curve, its drift and the subsequent drift of the drift is also tied to the

yield curve, again in the equivalent risk- neutral measure.

3 Data

The dataset used here derives from daily observations of Libor rates of matu-
rities of 1,3,6,9, and 12 months and swap rate quotes for 2,3,4,5,7, and 10 years
from June 21, 1996 until July 02, 2008, and were collected from Bloomberg.
This resulted in 3,034 observations, after eliminating special days like Christ-

mas or New Year’s when no trading took place. Since Libor rates and swap



rate quotes are quoted on a constant maturity basis, it is possible to construct
a panel of zero coupon yields with maturities that matched the underlying in-
strument on one side of the swap. According to Collin-Dufresne, Goldstein, and
Jones (2008), this aspect of the Libor market and the swap market makes it
more advantageous to use these quotes over Treasury quoted zero coupon bond
yields. This advantage comes at a cost which is that the swap rate quotes must
be used to extrapolate the zero coupon yields. The details of that procedure
are explained in Appendix C. Some descriptive statistics for the optimizations

are shown below.

Table I about here

Table II about here

Table III about here

The minimum of 0.013836525 for the 10 year rate is due to the fact that the
T-year swap rate quote on that day was 0%. Excluding that minimum, the
minimum of all other days in the sample was 0.029772228. For the 7-year rates,
the minimum of 0.025563812 was due to the fact that several Libor quotes were

around 1%.



4 An Overview of the CDGJ(2008) method for
estimation of the state variables

Using the CDGJ (2008) method, the set of state variables are estimated using
the insight that a tractable way to transform from unobservable state variables
to observable state variables is to use a Taylor Series expansion around 7 = 0.
CDGJ( 2008) contend that the main advantage to the approach of CDGJ (2008)
is that it allows for error reduction by imposing some parametric structure, while
retaining flexible structure. (for more information see Appendix F)

This approach is grounded in the result of Litterman and Schienkman (1991)
that only three factors drive the variation in yield curve behavior. So, the first
step in extracting the state variables is to obtain the principal component factor
loadings from PCA on the 1 month, 3 month, 6 month, 12 month, 2 year, 3 year,
5 year, and 7 year yields. Following the insights of CDGJ (2008), the remaining
maturities will be used elsewhere in the analysis, and therefore were left out in
order to avoid using the same data. After running PCA on the 8 yields above,
and over the entire sample period, I find that the first three factors cumulatively
explain about 99.8% of the variation in the 8 bond yields.

Using these three principal components, I can form or reconstruct yields with

the following approximation.

Y(t,7) % Xy fe(t)P(t)

Py (t) is the realization of the k*" principal component, while fi(t) is a load-
ing function that will be extrapolated down to a low order polynomial which
will bring the curve down to zero. This gets at the idea of using the Taylor
series at short maturities, since, with the formula above, I am in a sense using
the derivatives corresponding to the Taylor series to construct the approximate

yield function. Although it is approximate, the above relation holds with great

10



accuracy and I can use it to obtain the derivatives of the yield function to get
at the level, slope, and curvature. To see this symbolically, note that if I take

the derivative of the expression above

oY (t,r 3 O" fr(T
e s D P

So, it can explain about 99% of the variation in the yield curve, so using it
as the starting point for obtaining estimates may prove to be fruitful.

Upon obtaining the principal components and understanding the relation
above, the next step in the process is to extrapolate the yield curve down to
0, which can be accomplished using a low-order polynomial. Following CDGJ
(2008), I use a linear polynomial to approximate f1(7), a quadratic polynomial
to approximate f2(7), and a cubic polynomial to approximate f5(7).

Analytic derivatives can be computed for each polynomial and then I can use
those to approximate the yield function derivatives. Upon obtaining the yield
function derivatives, I can back out the state variables as described in section
2. Descriptive statistics for each of the state variables are shown in the table

below.

Table IV about here

Please see appendix G for details on a small Monte Carlo Simulation study
that checks the accuracy and robustness of this state variable estimation proce-

dure.

5 Model and Estimation

I estimate the model using Quasi-Maximum Likelihood (QML) Estimation.

More specifically, for the inversion method, I assume three bonds are measured

11



with error and that three bonds are measured without error. In this analysis,
I take the 3 month, 2 year, and 4 year to be measured without error, while
the 6 month, 3 year, and the 5 year are measured with error. To avoid using
the same information twice, three different bonds are assumed to be measured
with error (Collin-Dufresne, Goldstein, and Jones, 2008). Bonds with similar
characteristics are used in order to minimize the informational disparity across
state variables. This method is essentially the same as Duffie and Singleton
(1997) and others. For the bonds that are measured without error, I follow
Pearson and Sun (1994) and exactly transform the yields into state variables.
This of course requires the use of a Jacobian to carry out the transformation
which will be multiplied by the transition density, a multivariate normal. Hence,
I am only required to know the first 2 conditional moments of the state variables,
which simplifies the analysis. (Please see Appendix E for the details of those
calculations.) Symbolically,

Y(t,7) =40 4 BOTy,

and hence,

(1) = (BEI) 71 (v (1) - 267)

The final form of this part of the likelihood is

Ll = (m)f()(ﬂ_l |Xt)

For the three bonds which are measured with error, I can not simply invert
in order to get the state variables. Relying on distributional assumptions made

about the error process, three yields are characterized by the following relation,
Y(t,7) = 20 4 BET x (1) 1 (1)

The conditional distribution of the errors is
g(e(ti)]e(ti=1)) ~ R(0,%)

where Y is the variancecovariance matrix for the measurement errors. Using

12



the properties of the Normal distribution, the log-likelihood function can be
obtained and so the sum of the two log-likelihood functions (without error and
with error) is the log-likelihood function that is to be optimized. For the CDGJ
(2008) method of estimating state variables, rather than inverting yields to
obtain state variables, the state variables are taken to be exactly those that
were obtained based upon the procedure outlined in Section 2 and Section 4,
while maintaining the assumption for those yields which are assumed to be
measured with error. For both methods, the entire parameter space over which

I am going to find an optimum is given by:
O = {011,021, 022,031, 032,033, M By, M Ey, M E3, MEy, M Es, M Eg}

In a moment’s reflection, an avid reader may be puzzled by the fact that
the parameters governing the value of the long-run mean for each factor do not
show up in the parameter space. To stymie any confusions, please note that for
any canonical representation equivalent of the AFDNS model with real eigen-
values in the mean reversion matrix under the Q — measure, it does not matter
which measure I impose identifying restrictions(see Christensen, Diebold, and
Rudebusch (2008) for more details). There is no loss in generality if T fix the
mean of the model under the Q-measure to be 0, while leaving it to be esti-
mated under the actual dynamics (Christensen, Diebold, & Rudebusch, 2008).
Furthermore, recent work by Joslin, Singleton, and Zhu (2009) find that the
forecasting ability associated with the P-dynamics of the Christensen, Diebold,
and Rudebusch (2008) model to be no better than an unconstrained VAR(1)
model. This further highlights the need to better understand the dynamics of
the relationship between the P-dynamics and Q-dynamics.

Moreover, while I work in the equivalent risk-neutral measure, I am working
within the model framework of Christensen, Diebold, and Rudebusch (2008),

which includes their set of assumptions associated with the Q-dynamics. In

13



this case, for the inversion method, the eigenvalues for the x matrix are; A;=0,
A2=3.9386 and A3=-1. For the model-free method, the eigenvalues are A;=0,
A2=2.112963823 and A\3=2.113020511. Further, stationarity of the state vari-
ables is ensured if the eigenvalues of the ¢ matrix are real (or if the complex
part is positive, see Ahn, Dittmar, and Gallant (2002)). Stationarity is not a
prerequisite for the process to be well-defined (Christensen, Diebold, & Rude-
busch, 2008).

The tables below presents the results from the maximum likelihood estima-

tion.

Table VI about here

Table VII about here

Standard errors were computed using the Berndt, Hall, Hall, and Hausman
(1974) approach. Please also note that previous studies (see for e.g. Duffee
(2002)), used a Cholesky factorization of the terms constituting the covariance
matrix for the measurement error, which is symmetric. On the other hand, I
worked with the covariance matrix directly, which has an impact on the scaling
of the standard error estimates. The optimized log-likelihood value on n = 3,430
observations was 204,476.709 for the CDGJ (2008) method, while on that same
number of observations the log-likelihood value for the inversion method was
197,660.505. Finally, note that the parameters §; and 2 are related to the

orthogonal rotation and therefore do not affect the optimization process and

14



hence do not have an associated standard error. Like A, they are completely
determined through the orthogonality constraints that are imposed on the %7
matrix.

Upon reflection of the maximum likelihood estimation of the two models, sev-
eral observations are in order. As CDGJ(2008) note, the CDGJ (2008) method
did provide good starting conditions for the otherwise troublesome search for
a global optimum. The CDGJ (2008) method also was characterized by a like-
lihood surface over which a unique global optimum could easily be found by
a gradient-based search algorithm for each dimension of the parameter space.
When used as initial conditions for the inversion method, the solution from the
CDGJ(2008) method reduced the potentially large space over which to search
for the optimum.

For both methods, those parameters that were involved in the rotation of the
original model proposed by Christensen, Diebold, and Rudebusch (2008), and
of course directly involved in the optimization process, there was a reduction
in the nonlinearity of the likelihood surface which has been known to confound
the optimization procedure through the introduction of saddle points to the
surface. Although the likelihood function surface was still flat, the reduction in
the nonlinearity of the surface did facilitate obtaining a global optimum over
an already reduced space. Moreover, as concluded by Duffee (2009), the entire
optimization procedure for both methods, for my parametrization, took about

2 days.

5.1 Robustness checks via Kalman Filter Estimation

This section presents estimation results via the Kalman Filter method. The
Kalman Filter method is the most efficient way to check the robustness of the

conclusions regarding the comparison between the CDGJ(2008) method and the

15



Duffie and Singleton (1997) method.

The Kalman Filter is a system of recursive equations that specifies both the
state space transition dynamics of the state variable as well as a measurement
equation in which the actual filtration of the noise occurs. In the term structure
literature, this noise could be associated with data-entry error or bid-ask spread
of bonds, among other things.

Following CDR/(2008) and other who use the Kalman Filter to estimate continuous-
time affine terms structure models, I start the algorithm at the unconditional
mean vector and the conditional covariance matrix (please see CDR(2008) for
more details). Once, I start the algorithm, I use the conditional mean vector
and conditional covariance matrix to run the algorithm. These are given in
appendix E. For more details of the implementation, please see Dejong (2000).

The results from the Kalman Filter estimation, using the same 6 bonds as
in the maximum likelihood estimation for consistency, are shown below. Please
note that all 6 of these bonds, the 3 month, 6 month, 2 year, 3 year, 4 year, and

5 year, to be measured with error.

Table VIII about here

The log-likelihood function on n = 3430 observations is 202,132.699. Please
note that, unless otherwise stated, the elements of the measurement error matrix

and their standard errors were multiplied by 10000.

6 Yield Errors

In this section, I present yield errors for each method based upon the maximum

likelihood parameter estimates from the tables above. A Priori, I would expect

16



the CDGJ (2008) method to have a smaller error, relatively, at the very short-
end of the yield curve due to its construction, while on the relatively longer-end I
would expect the inversion method to have smaller error due to its incorporation
of more information. The inversion method will be associated with smaller error
at the long end of the yield curve only if I use long term yields to back out the
state variables. Consequently, I would expect my results to be different from
those of CDGJ (2008) because while they assume the 3 month yield, the 2 year
yield, and the 10 year yield to be priced with no error, I use 3 month, 2 year,
and the 4 year yields to invert to obtain the state variables. Therefore, across
both methods, there is less disparity in the content of information that I am
incorporating into the model relative to CDGJ (2008). This means that I would
expect that at the very short end the CDGJ (2008) method would do better,
for middle maturities I would expect the inversion method to do better, while
at the long end of the curve I would expect both to not perform that well.
However, although the CDGJ (2008) method involves the direct extraction of
state variables from the yield curve and employs regression based methods to
obtain these variables, I believe, a priori that the CDGJ (2008) method may
perform better due to the fact that my principal components analysis involved
8 yields of varying maturities out 10 years. Moreover, I also believe that would
it have been the case that had I used more information from the yield curve
with the inversion method, that it too would have performed better at the long

end of the yield curve.
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Table IV about here

On the whole, the results generally support my hypotheses. It is clear that
for the inversion method, the errors are larger the further I move out on the
yield curve, i.e. for maturities greater than or equal to 7 years. For the method
proposed by CDGJ (2008), at the long end of the yield curve the error is larger.
One potential explanation is that the information coming from the two, three,
and four year maturities is not useful for fitting maturities greater than 6 years.
For the CDGJ (2008) method, generally, the short-end of the yield curve is
characterized by smaller error than the longer end. This is due to the fact that
the procedure is predicated on the fact that the state variables are a reflection
of the information that we have today about zero-coupon yields. Estimation via
the Kalman Filter reinforces these conclusions as it is clear that the economic
implications of the root mean square errors are not very different across any
horizon, independent of one’s computational method of choice for state variable

transition dynamics estimation.

7 Conclusion

Employing recent advances in the term structure estimation literature, this
paper set out to explore alternative methods for estimating state variables within
the context of the Gaussian sub-class of Affine Term Structure Models. It is
clear from the literature that 3 factors are sufficient to capture the majority of
yield curve dynamics. Hence, this paper focused on a three factor model.

Using a unique design specification consisting of both affine invariant trans-

formations and Brownian motion rotations, this paper examined the empirical
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benefits to term structure modeling using alternative econometric methods for
estimating state variables within the Gaussian subclass of 3 factor affine term
structure models. The purpose of these translations and rotations constituting
the design specification was to allow for a comparison between the CDGJ(2008)
method and the Duffie and Singleton(1997) methods, both of which are used in
the literature to estimate state variables, within the context of the Christensen,
Diebold, and Rudebusch (2008) model. The contextual reference to Christensen,
Diebold, and Rudebusch (2008) introduced restrictions that fully exploit the
apriori advantages of modeling within the Nelson-Siegel (1987) framework as
regards empirical performance.

In this manner, I allow the model to fall within the Ag(3) sub-class of models
as well as preserve the ”canonical” nature, in the language of Singleton (2006),
of the two models. This paper argued that the inversion method, which I refer
to in the traditional sense of Pearson and Sun (1994) or Duffie and Singleton
(1997), as an econometric method of choice used to estimate state variables
does not perform significantly worse, as regards empirical performance at any
horizon, than the CDGJ(2008) method.

This conclusion is a simple reflection of the fact that a normalization of an
affine term structure model should not perform very differently from another
affine term structure model. Furthermore, the stark differences in empirical
performance obtained in CDGJ (2008) seem to have been a manifestation of
the choice of yields and not related to choice of econometric methods used to
estimate the term structure model. This result should not be surprising given
the fact that Joslin, Singleton, and Zhu (2009) find the model of CDR (2008) to
be an invariant transformation of Dai and Singleton (2000) (Joslin, Singleton,
and Zhu, 2009). T worked in the equivalent risk-neutral measure. Hence, while

I could not forecast out of sample, I also found preliminary evidence that is
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suggestive of empirical improvements in existing methods used to estimate term
structure models. Employing the techniques mentioned in the recent literature
(see for e.g. Dai and Singleton (2000), Singleton (2006), CDGJ (2008)or Joslin,
Singleton, and Zhu (2009)) seem to lead to improvements in existing methods
used to estimate Gaussian Term Structure Models.

The model in this paper stands to gain from improvements that can be
obtained from the fact that I worked with a Gaussian type structure, which
has a prominent limitation in that it allows interest rates to become negative.
CIR (1985) type models handle this unlikely, but possible scenario. Koopman,
Mallee, & Van der Waal (2008) cast the AFDNS model into one that resembles
more closely the CIR (1985) model, at least as regards the time-series prop-
erties of CIR (1985). Although Koopman, Mallee, &Van der Waal (2008) use
time-series methods like GARCH in conjunction with spline methods to give
time-series properties to the volatility component, this could be a starting point
for future work in which I attempt to obtain a more flexible structure and one
that is consistent with CIR (1985), notably positive interest rates. One of the
other drawbacks associated with this model is that the process describing the
state variables, while admissible in the language of Dai and Singleton(2000),
is characterized by a Brownian motion that can potentially become unstable.
Potential stabilizers to the diffusion part of the stochastic process have been in-
troduced by Dixit (1991) and Krugman (1988) and have been termed regulated
Brownian motions. The regulation of the Brownian motion term is also consis-
tent with the fact that the Fed has the power to regulate the short term interest
rate through its influence on the Federal Funds Rate. This further suggests that
models such as those of Farnsworth and Bass (2003) can shed further light on
this problem. The inclusion of these insights into these type of models is a very

interesting area of future research.
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Another potentially interesting area of future research involves the choice of
yields that are used to invert to obtain state variables. This selection seems to be
an arbitrary procedure with two exceptions. The first is motivation surrounding
the utilization of information from different parts of the yield curve. So, I have
N arbitrarily chosen yields which I use to back out N state variables. These N
yields are then assigned to have a zero pricing error, while additional yields are
added to consider an error structure. So, the procedure works because if I have
N yields that I take to be free of error and I have M available maturities, then I
need (M — N) error terms (Pastorello, Patilea, and Renault, 2003). Hence, the
second exception arises from the fact that any other yield (other than any of the
N yields chosen for the analysis) can reject the model since it cannot exactly
price all observed securities (Lamoureux and Roskelley, 2008).

An alternative way to express the above statements is to say that the variance-
covariance matrix on (N + 1) yields is singular (Piazzesi, 2003). This feature of
affine term structure models (henceforth, known as ATSM) is known as stochas-
tic singularity.

Some authors argue that this stochastic singularity feature is the reason that
the evidence on the empirical performance of the ATSM is not conclusive (Lam-
oureux and Roskelley, 2008). Much of this consternation is associated with the
fact that different researchers use different error structures in the estimation
process. Further confusion can be generated by the fact that while the ATSM
is understood theoretically, that underlying theory provides no guidance on the
construction of the error terms (Lamoureux and Roskelley, 2008). This research
also suggests the necessity for the investigation of the role that the error term
plays in the estimation and inference of affine term structure models.

While this problem is not simple to solve and has been overlooked by most

authors in the literature, a good empirical design can shed light on this problem
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(Lamoureux and Roskelley (2008)).

A good empirical design can allow me to learn from the data within the
context of the model. This would involve the specification of a prior distribution
which could characterize prior beliefs about the structure of error term and the
use of a likelihood function or model to update those beliefs to arrive at a more
informed view. This suggests that Bayesian methods could play a role in this
design. To some extent, the construction of a good empirical design can shed
light on how the model and hence the error structure can allow me to learn
from the data. This empirical design could involve the usage of a particle filter
to simulate the state variables and then Bayesian methods to obtain inferences
from the data about the parameters involved with the distribution of the error
term (see Pitt and Shepard (1999) for an overview of the particle filter and
Polson, Stroud, and Miller (2001) for drawing inference from the error term).
Since most of the literature works with a Gaussian distribution assumption,
preliminary work could examine whether or not this assumption is consistent
with what we see in the data perhaps through attempts to draw inference from

2 parameter families.
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8 Appendices

8.1 Appendix A: Demonstration of the equivalent Ay(3)

model

Christensen, Diebold, and Rudebusch (2008) (henceforth called CDR(2008))
start from the insight of Diebold and Li (2006) that the coefficients for the
original Nelson-Seigel (1987) model fit the yield curve with a specification that
has a functional form which can be written in terms of a time-varying version of
the familiar Level, Slope, and curvature factors ((L¢, S, Ct), respectively). This

represents the full dynamic Nelson-Seigel specification

yr = Lo+ S (Um0 4 0y (A= — o)

where 9. is the zero-coupon yield with 7 years to maturity and A is a model
parameter. Specifically, A can be interpreted as the mean-reversion rate for the
curvature and slope factors. If we, further, let (L¢, St, C) = X; and follow Duffie
and Kan (1996), prices are exponential affine functions of the state variables,
with

P(t,’T) _ 6(B(t,‘r)TX,ngC’on(t,‘r))

where Con(t, ) is the convexity adjustment according to CDR(2008).

Hence,

y(t, 7_) _ _logPT(t,‘r) _ —B‘(rt,'r) Xt . Con-ft,f)

To follow the notation in CDR, (2008),

BY(7) T
Bt,7)=| Br) | = S E
BB(T) re— AT _ (1—6):M)

The proof for this relation is in CDR (2008) and is obtained from putting
the Nelson-Seigel (1987) framework within the arbitrage-free class of models of

Duffie and Kan (1996). It is easily obtained by noting that CDR, (2008) operate
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under the assumption that volatility is a constant.* Under this assumption, the
Ricatti equations become a simple first order ordinary differential equation and
can be solved by integration and the imposition of the Nelson-Seigel structure.
(Please see Appendix B for more details.)

As the final step needed to place the Nelson-Seigel (1987) representation
within the affine term structure class models, CDR, (2008) impose certain struc-
ture on the x matrix, in the equivalent risk-neutral world, and the p; vector
obtain the system of stochastic differential equations governing level, slope, and

curvature as shown below.

dX} 000 0% X} aw 9
dx2 | =1 0 x—x |[| 6% |—| x? |ldt+=| aw>?
dx} 00 A 0 X3 aw>9

CDR (2008) estimate the dynamics of the above process in both the actual
world, through the physical measure, and the equivalent risk-neutral world,
with the equivalent martingale measure. In this paper, I transform the equiv-
alent risk-neutral dynamics of the 3-dimensional Markov process for the state
variables associated with the arbitrage-free dynamic Nelson-Seigel (AFDNS)
model into a resulting model that permits it to be equivalent to the model of
CDR (2008), while containing state variables following the method of CDGJ
(2008). In this manner, I am able to allow the model to fall within the Ay(3)
sub-class of models as well as preserve the ”canonical” nature, in the language
of Singleton (2006), of the two models. Since this paper starts from the equiv-
alent risk-neutral dynamics as specified in CDR (2008), T maintain their set
of assumptions and sets out to transform the above Ag(3) system governing
the equivalent risk-neutral dynamics of unobservable or latent state variables

into variables that are observable at the short-end of the yield curve and hence

4Koopman, Mallee, and Van Der Wel (2008) extend the CDR, (2008) by generalizing the
constant volatility assumption and find improvements in the forecasting ability of this model.
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estimable according to CDGJ (2008). CDGJ(2008) point out that the reason
for this is that the state variables r,u1, and ps, by definition, are taken to be
the level state variable, its drift, and the drift of the drift, respectively, un-
der the equivalent-risk neutral measure. This paper investigates this claim. In
this context, the general mode for a transformation can be an affine invariant
transformation and/or a brownian motion rotation. This paper focuses on an
empirical design that involves both the rotation of the brownian motion term
and an affine invariant transformation, since by construction an application of
both should maximize any attempts to improve the empirical performance as-
sociated with the maximum likelihood estimation procedure.

Symbolically, an affine invariant transformation is given by
Tt
pg | =LXe+9
H2,t

Let’s start by specifying ¢, since 11+ will be obtained as its risk-neutral drift
term and the same for ps; , except that it is the drift term for p; ;. So, this

process is repeated for s ; to get the process for po . Let’s start with
T =00 4 0y X1t + 02, X0 ¢

Note that this follows from the fact that the short rate is an affine function
within this class of models. In order to find the stochastic process for the short
rate, this expression needs to be converted into one that includes differentials.

It is shown below:
dry = 6w1dX1,t + 5m2dX2’t

Since, these are expressions for dX; ; and dX, ¢, they can be plugged into the

expression above
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dry = 65, (K3 (0F — X}) + k(05 — XP) + 6305 — XP))dt + SdW,"?) +
8ua (K (OF — X}) + £5(05 — XP) + 609 — XP))dt + DdW )

The Nelson-Seigel (1987) representation affords some restrictions, namely that
K11 — K12 = K13 = K21 — K31 =— K3y — 0, Koo = )\, and KRo3 — —A. Thus, the
model above reduces to

dry = 8, AW 4 6, (A0S — X2) — A(0F — X3))dt + 2dW>9)

The above equation can be rearranged so that it clearly delineates the deter-

ministic term and the drift term:
dry = 8., (\(0F — X72) — A(0F — X3))dt + *aw P

The star on the X term denotes the fact that there is a modified covariance
term after the transformation. The expression above is for the short rate process,
which, according to CDGJ(2008) is termed an observable variable since it can
be obtained from data on fixed income security prices. Hence, the risk-neutral
drift of the short rate process can also be observed, given that this process is for
an observable variable (Collin-Dufresne, Goldstein, & Jones, 2008). The process

for the drift of the short rate process can be found as follows.
1,
i = 00, [MOF — X2) = A(OF — XP)

Hence,

D = 5,009 — NS — AXZ + AX7]
Thus,
dug"? = 5., N(dX} — dXP)

Again, substituting in the expressions for dX? and dX? and segregating the

drift and diffusion terms.

At = 5, A0 — X3)dt + 2 dW > D) — A0 — X2)dt — A(09 — X3) +
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E*th@:Q))

=0, [202(09 — XP) — N2(0F — X2)dt + A(Z)dw )]

According to CDGJ (2008), the process for the curvature factor is related
to the equivalent risk-neutral drift of the process for the drift of the short rate
process:

2,

i = 00, [202(05 — XP) = X205 — X))

P9 = 6, [ A28 + 22209 + N2 X7 — 202 X}]

= du>? = 8, [N2dX}F — 2)2dX7)

= Y = 80, [(WI(MOF — X7) = MOF — XP))dt + SdW,> V] —2X2 A6 ~
XP)dt + sdw > V]

= ™Y = 6., [V (05 — X7) = 3N6F — X])]dt — Sraw

Further, note that the process above is incomplete because it still has terms
on the right hand side that are in terms of X? and X}. I eliminate those

variables by solving the new system of equations, which is currently in terms of

(ugl’Q), MEQ’Q)) to be in terms of (X?, X;?) so that I can plug into the expression

1, 2,
( Q)’Mg Q))

above to arrive at the final transformed system. So, taking (u; and

all the parameters as given, I can solve the system as shown below.

1D = 5, M0 — Guy NI — oy AXZ + 54y AXD
PP = 6,008 + 20,0205 + 00, \2X2 — 20, \2X}

Rearranging allows me to put all the given terms on one side and the variables

on the other side,

D = 5, MG 4 N6y 0F = — A6y X7+ A0y, X3
D 4 5, 0208 — 26,0209 = \26,, X7 — 26, > X}

In matrix form,
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WD 6,009 4 05,69 Aoy M| | XF
’UEQ,Q) + 57'2)\29? _ 257_2)\20? A25r1:2 _2)\25?1:2 Xt3

Since, the coefficient matrix is nonsingular,
_ -1

X2 “MNsy  Aa, w9 5, NS + NG, 05
X3 A25,,  —2A25,, u?’@ + 0, A209 — 26,7205
R S S 1D = 5, NS + NG, 05
= o (2,Q) Q Q
A2 X || D 45,0208 — 26,0265
] Y
N S T ji )~ 5,009 + X6,, 69
| sy | | Y 0 N08 — 260,063
[ 1, s
R s (Y = 6,008 + 200,09] — 5z (Y + 6,008 — 26,0268
_ A; Y = 6,008 + 08,,09) — 55 [P + 6, 0208 — 26,2207
R 2,109 | 6@ _ 1, ug @ | | x
W89 4 2 _ 1,20 X3

Plugging this system into the drift term of the process for uiQ’Q) leads to the
desired result.

In the steps above, I perform an affine invariant transformation which is asso-
ciated with the drift part of the stochastic process system. I am now concerned
with the the diffusion part of the stochastic process system. In dealing with the
diffusion term, I need to perform what is called a rotation of the Sigma ma-
trix associated with the vector of independent Brownian motion terms. While
the details of the computation are presented in Appendix D, I present a short
synopsis of those steps here. Essentially, I need to figure out a transformation
matrix that is invertible and an orthogonal matrix for the Brownian motion
term (See Appendix D for more details). The transformation needs to do the

following:
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X} 0u, Oy 0 X} do

o~

Ta| X2 [ =] 0  —6um,h  Ouy) X2 (4| 6.,(M0F — N)
X3 0 6,02 —20,,\2 X3 8y (—A205 + 2X265)
Bond yields are taken to be an affine function of state variables that are the

result of these transformations. The resulting equivalent maximal model is given

by:
Tt 0 -1 0 O—Tt
d M?,t =0 0 -1 Q_Mﬁt dt + 2RdBP
1S, 0 A2 2\ 0— u,

Note that the pre-rotated form, i.e. ¥ # %%, of the covariance matrix for the
state variables is consistent with the correlated-factor model of CDR (2008).5
This consistency results in a lower triangular ¥ matrix and holds for 2 reasons.
First, as discussed in CDGJ (2008), the three state variables are not independent
since the drift of the first level state variable is the slope variable and the
drift of the slope state variable is the curvature state variable. Secondly, the
assumption of a lower triangular ¥ matrix ensures the maximal level of model
flexibility while still maintaining that the model is fully identified (Christensen,
Diebold, & Rudebusch, 2008). (For more information on the rotated form of
the ¥ matrix, please see Appendix D.)

Furthermore, note that the new system has a column of zeros and that the
reason for this is the fact that the matrix which was responsible for the im-
position of restrictions necessary in order to expand the Arbitrage-free class of

models of Duffie and Kan (1996) to include the dynamic Nelson-Seigel (1987)

5The %%, the rotated version of the ¥ matrix, is rotated by the matrix, O, where O is
Oz Oy 0
O = 0 —dzo A Oxo A
0 Sup A2 =205, A2
O must be an orthogonal matrix, and so its usage introduces some constraints. Please see
Appendix D for more details on the mechanics of this computation.
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framework, also had the same independence of the state variables from the
"level” factor. (Please see Appendix B for more details.) Since the short rate is
an affine function of the first two latent state variables, this lack of dependence

upon X} implies that the new system of equations will be independent of ;.

Alternatively, the above system can be rewritten as follows,

Tt //'?,t
_ R RQ
d M?,t = /é?,t dt + X"dB;
NéQ,t _()‘2/‘%5 + 2>‘M2Q,t)

to allow for a direct comparison to CDGJ (2008). To further facilitate the
comparison of this model framework to that proposed by CDGJ (2008), it is
worth noting that the state variables in the system of stochastic differential

equations above are directly observable since:

Y(t,7)=YO(t) + 7Y () + 372Y2(t) + ...

where Y = ag;(; ) l-=0
and the state variables which are r(t), its risk-neutral drift and the drift of the
drift are tied to that expression, as an application of Ito’s lemma (see Appendix

F for full derivation), by the following series of expressions

Y2(t) = 5[pa(t) — Voo(t)]

Thus, a time series of state variable realizations can be obtained by exploiting
the Taylor Series expansion at very short maturities (Collin-Dufresne, Goldstein,
& Jones, 2008). Note that Vpo(t) is the variance of the short rate.

More conspicuously, CDGJ(2008) claim that these state variables are tied
directly to the yield curve. Hence, they argue that there is no ambiguity re-

garding their interpretation and this plays a very important role in improving
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the numerical tractability of the maximum likelihood estimation procedure.

31



8.2 Appendix B: Proof that the Arbitrage-free Dynamic
Nelson-Seigel (AFDNS) class of models falls within
the Ay(3) class

This appendix is essentially the same as that in CDR (2008), in that it has
no new or unique insight. The motivation for a more detailed exposition of
the derivation of CDR(2008) is to demonstrate the lack of dependence of the
factors in my rotated model, with just observable variables, on the state variable
describing the "level” factor, r(¢). Duffie and Kan (1996) prove that zero coupon
bond prices are exponential affine functions of the state variables discussed

within the text.
T
P(t,T) = EtQ[e_ft rudu] — BT TX,+C(t.T)

where B(t,T) and C(t,T) are solutions to the following system of ordinary

differential equations

BT — p1+(k9)T B(t, T)~4 Y0 (ST B(t, T)B(t, T)"%);,;(8)", B(T,T) =

$CUD = po—B(t, T)T(s2)T0° -4 S0 (ST B(t, T)B(t, 1)), 175, C(I.T) =

Since CDR (2007) operate under the assumption of a constant volatility ma-

trix, the above system of differential equations simplifies to:

dBUT) — )+ (k)T B(t,T), B(T,T) =0

AT = po—B(t, T)T(k2)T99-L S0 (STB(t, T)B(t,T)"S);;, O(I,T) =

Now, since I want to find the state variables B(t,T) that impose the dynamic
Nelson-Seigel (1987) structure onto the affine-class of models of Duffie and Kan

(1996), I will only focus on the top equation restated here for purposes of clarity.
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dBUT) — b 4 (k)T B(t,T), B(T,T) =0

In order to solve this equation for B(t,T), I make a note of the following

relation which will help me to isolate B(¢,T).

JT L[l DTT=9) B(5, T)] = (< DNT-04BET) _((,@)T)e (<)) T=0 B(t T)

dB(t,T)

Plugging in the expression above for ===,

ST AT B(s, T)] = el DTy 1 (59)T B (1, T)] - (59)T)e T (1, T)

Collecting terms and simplifying the expression yields,

ftT dis[e((nQ)T(Tfs))B(s’T)] _ e((nQ)T)(Tft)pl

This is equivalent to, through the application of the boundary condition (since
at the boundary which is the maturity of the zero coupon bond, the value of

this state parameter is 0),
@B, T) = [T pre®™?" (T=9)4s
B(t,T) = e~ (=NT(T=0) [T (0?7 (T=s) g

The next step is imposing the Nelson-Seigel (1987) structure on the x matrix
in the equivalent risk-neutral world and the p vector. That structure is shown

below:
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So,

(k)T (T—1)

0 0 O
(o X 0 T

0 —A A
=e
0 0 0
(|0 AXT-1 0 )

0 —NT—1t) AT —1t)

If
9]

In order to exponentiate the matrix, I must use the matrix version of the power
series expansion for the exponential function. This requires me to compute the

matrix A2 and A% in order to develop the pattern and to obtain the correct

matrix.
So,
0 0 0
A=|0 XNT -1t 0
0 —ANT—t) MNT—t)
then
0 0 0 0 0 0
A2=10 XNT-t 0 0 MNT -t 0
0 —NT—t) XNT—t) 0 —ANT—t) XNT—t)
0 0 0
=0 AT —=O)NT -1 0
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and

0 0 0 0 0 0
A =10 MNT-tNT -1 0 0 MNT -1t 0
0  =2X3(T—-1t)2 XNT-t\NT -1t) 0 —NT—t) MNT-1t)
0 0 0
=0 MT-ONT - ONT —1t) 0
0 —3X3(T —t)3 MT — ONT — O)NT —t)
Since

A= AT =T+ A A2 S A

We have that the above is

100 0 0 0 0 0 0
=101 0+ 0 ANT-1) 0 +[ 0 AI=AT-D 0
0 0 1 0 —XNT—t) XNT-t) 0 —W;!T—t)z MT-AT—t)
0 0 0
R 0 +...
0 *3A32!T*t)3 AT-OMT—\T=1)
g O O
=10 14250 2T 0

0 AT - 1) XEE00 XER g A0 ) Tt

Noting the series definition of the exponential function,

1 0 0
=10 eMT—1)) 0

0 —AT—t)[14+2E0 L 24 ] (AT-0)
Finally,
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1 0 0
=10 eMT—1)) 0
0 —\NT —t)eXT=1)  ANT-1)
Inserting this expression and that for p; into the expression for B(t,T'), inte-

grating and simplifying yields the desired result.
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8.3 Appendix C: Zero Coupon Bond Yield Extrapolation

Procedure

It is the purpose of this section to detail how I backed out the zero coupon yields
from the swap rate quotes. I started from the time-series of Libor rate quotes,
and used that data to back out forward rates at the short-end of the yield curve,
i.e. out 1 year. To extrapolate the 2 year spot rate, I made the assumption
following Fama and Bliss (1987) that the forward rate remains constant during
the year. The 3 year spot rate is then extrapolated using the information up to
and including that pertaining to the 2 year spot rate, and so on for the rest of the
rates. I also assumed that on both sides of the swap, the day count was 30/360,
while the notional principal was 10,000, 000. The extrapolation then involved
minimizing the difference between the fixed and floating sides of the swap by

choosing the forward rate that was to prevail during the year. Symbolically,

: 2
min {Valuefigedsidze — Value fioat,ide }

T

where x is the set of forward rates. It was a singleton set in obtaining the
2,3,4, and 5 year rates, while it contained 2 forward rate elements for the 5 to
7 year swap rate quotes and 3 forward rate elements for the 7 to 10 year swap

rate quotes.

8.4 Appendix D: Rotation of Sigma: Orthogonalization
Process

In order to carry out this transformation, I will need to find a orthogonal trans-

formation for the A matrix that I will then apply that to the Brownian motion

term so that it remains unchanged. In order to begin to consider the specific

form for this matrix, lets recap, very generally, what has been done until this
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point. I started with the AFDNS model specification of CDR (2008) as shown

below in a general setting:
dY; = k2162 — Vi]dt + Sy dW 2
Consider Ty, : AY; +n with A-nonsingular
Then the new process is as follows

dX; = k[0 — Xildt + SxdWE
(Bx = A%y, 0% = A09 + 1, 5% = AE A

In order to carry out the Brownian motion rotation of the above SDE, T will

need to find T, where T is a matrix, s.t.,
T(AYZy)=0

where O is an orthogonal matrix. Thus, we will have orthogonally transformed

the Brownian motion, without affecting the drift term.
OdWE = aw

In order to implement the Brownian motion rotation, I need to compute

Y x = AY)y. This is done below:

51 52 0 011 0 0
Yx = 0 —d\ a2\ 021 022 0
0 222 —25;02 031 032 033

01011 + 92021 02022 0

= —02A021 + 02031 —02A022 + d2A032 02033
52)\20'21 — 252/\20'31 52)\20'22 — 252)\2032 —252/\20'33

So, for orthogonality, I would want the product of the following matrices
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81011 + 02021 —82A021 + 02031 aA2o21 — 2020203

02092 —0aA\022 4 02Ad32  G2A2092 — 25272050
0 52)\0’33 —252>\20'33
01011 + 02021 02092 0

—02A021 + 02A031  —02AT22 + G2 A032 d2A033

52)\20'21 - 252)\2031 52)\20'22 — 252)\20'32 —252)\2033

to be the identity matrix. This imposes the following restrictions on my
parameters, in order to establish an orthogonal transformation of the diffusion

term.

Yx,, ¢ (01011 + 02021)% + (—02A021 + 62A031)% + (02A%091 — 2020%051)% =1
XXy ¢ (81011 + 02021)(02092) + (—02Ao21 + d2A031) (=200 + J2Ao30) +
(8222091 — 20572031) (02 X209 — 209X 2035) = 0
Yxys ¢ (—02A091 + 02A031)(02A033) + (02X2091 — 205M%031)(—202M%033) = 0
Yx,, ¢ (02022) (81011 + 62021) + (=62X022 + 62A032)(—F2A021 + d2)o31) +
(82X2099 — 20572035 (021 A28 — 205X 2031) = 0
: (82092) + (—02A022 4 2 A\032)? + (02A\2092 — 2050 2032)% = 1
: (—02A022 + 02A032) (02 A033) + (02A2092 — 262A2032) (2627 2033) = 0

: 52)\033)(—5g>\022 + 52)\2032) + (—252)\2033)(52)\2022 — 252)\2032) = 0

(
(
Yxa 1 (02A033)(—02X021 + G2X031) + (—202X%033) (02A%021 — 202A%031) = 0
(
: (62X033)% + (—262M\%033)2 = 1

Since there are several constraints which do not seem to have any immediate
intuitive interpretation, below I attempt to simplify these constraints so that I
can potentially uncover more information about my parameter space.

Yx,, ¢ 0303 + 26102011021 + 0305 (A + A2 + 1) + 630203, + 453003, —
25%0’21031 ()\2 + 2)\4) =1

2X12 : 5%0210’22()\44')\2+1)+51520’110’22— (5%0’210’324‘55031022)()\2+2>\4)+
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83031032(A% +4A\1) =0

Yxys 0 —03091033(A2 4+ 20%) + 03031033(A\2 +401) =0

VX 0 03021022 A+ A2+ 1) 48102011022 — (03021032 +03031022) (A2 +2A%) +
83031032(A% +4X\1) =0

Yxyy ¢ 053055(AT + A2 + 1) — 265022032( A + A2) + 0303, (A? + 4X1) = 1

Yxys ¢ —03092033(A2 4+ 20%) + 03033032 (A2 +401) =0

Yx,, ¢ —03091033(A2 4+ 201) + 03031033(A\2 +4\1) =0

VX, ¢ —03092033(A2 4+ 20%) + 03032033(A\2 +401) =0

1

Yixgs ¢ 0330502 (1 4 4M2) =

The simplifications have yielded a valuable insight; three of the constraints
occur twice and hence the total number of constraints is 6, excluding the three

that require the equality of the off-diagonal terms. Specifically,

Yxy ¢ 0207 420102011001 40205 (AN 1) 4020202, +405 0 02, — 205091031 (A2 42X = 1
(1)

ZX12 : 5%0’210’22(/\4+)\2+1)+(51(520'110'22—(5%0’210’324-(5%0’310’22)(/\2—|-2/\4)+5§O'310'32(/\2+4)\4) =0
(2)

2X13 : —(5%0’210’33(/\2 + 2/\4) + 5%0’310’33()\2 + 4)\4) =0 (3)

Yxyy @ 0505(A + A2 1) — 205092030 ( A + A?) + 6202, (\2 +4X") =1 (4)
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EX23 : —5%0’220’33(/\2 + 2/\4) + 5%0’330’32()\2 + 4)\4) =0 (5)

VX ¢ 05305(N2 +401) =1 (6)

It is possible to further simplify the above equations, through a character-
ization of those parameters that are considered to be free and those that are
not. This characterization affords me the elimination of three of the constraints
and the combination of two constraints into 1, so that in the end I am trying
to estimate 10 parameters with 2 constraints. The details of this results are
outlined as follows. I start with equation (6) above and isolate the A related

variables. Hence,

(A2 4+ 404 = Sl

3372
By plugging (6), in its rearranged form, into (3), I have a second equation

characterizing the X related variables,

(A2 +2\1) =

2
0'33520'21

The solution to this system of non-linear equations in the parameter space
gives me A. The fact that A solves this system of equations implies that it is
completely determined by the parameter space, i.e. it is a function of the choice
parameters, and hence does not affect the optimization process directly. More-
over, The possibility of multiplicity of the roots is eliminated by the imposition

that the solution must satisfy A2 = v/A4 from a numerical standpoint.

Thus,
A2 = 2031 —021
- 0’2 (520'21
3392
N = _gai—oga
2(0'?2’36%0'21)
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Plugging these two expressions into the one in (4) yields an expression for 03

as follows:

From (4),

_ 2041 — 2
(035 — 202205) % (F22) + (03 — 2022032) * (3TH22) + T8 + 0303, = 1

Solving for 63:

2 2
032 2%035021

2 2 2 2 2
52 ( 1 )* (*021022*031022*20310320’22+40220’31*2021022*2021032)
-

Thus, it can be seen that 6 and A are dependent variables. Furthermore, the
constraints specified in equations (3), (4) and (6) actually define the 43, A, and

A2 variables. The two constraints that remain are
C1 : 031022 = 032021
from the combination of (3), (5), and (6)

and

O, - 031032—30102011022055 __ 1_
2 03,(82021031)

2
2 o
01071 — 20102011021 + %

from the combination of (1) and (2), Please note that it is possible to solve
the above equation for 41, after rearranging the equation. The expression for d;
that results is:
a+EL)- o

T2 (5200)
51 = 33~ 733085921

2 _ __ 211922
o711 2(520’110’21 721031

The solution to all 6 constraints imply expressions for A, d1, and §2 and hence
these parameters are not associated with the optimization process. The inter-
pretations, however, remain the same. §; and d5 are parameters associated with
the Brownian motion rotation of the diffusion process, while the interpretation
A obtains from the AFDNS model. Please note that {d1,d2}, are different from
the parameters that are traditionally associated with the short rate process in

affine term structure models and are treated accordingly.
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8.5 Appendix E: Analytic Computation of the first and

second moments of the observable A,(3) system

This appendix broadly follows the approach in Fisher and Gilles (1996). For the

sake of completeness, I re-present the system that I intend to estimate below.

Tt 0 -1 0 0-— Tt
Ay =10 o -1 0— (b9 | dt + x*dBy?
> 0 A2 21 || 0—p?

sr = 0o + 0prs + 5M1u§1’Q) + 5u2u§2’Q)

In order to preserve some degree of generality, I make the following definitions:

Tt

Xe= | p?

i

_O -1 0

k=10 0 -1

0 A2 2\
and__

0
0=10

0

These allow me to re-write the system of observable variables as shown below:
dX; = k(0 — X;)dt + XdW,

If we assume s > t, then

X(s)=X(t)— [ dX(v)

Taking the expectation of both sides at time t and conditioning on X (t),

yields,
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EX(s)IX(0)] = X (t) + [ Ei[dX (v)]

Since the Brownian motion process is a martingale, the integral given above

reduces to,

EX(s)| X ()] = X(t) + [} Etldpia, (v)]
= E[X(s)|X1)] = X(1t) + [, [k0 — kE[X (v)| X (t)]dv

Taking the derivative with respect to s, in order to get the above integral

equation into the form of a differential equation yields,
SB[ X (5)| X (1)] = [80 — K[Ee[X ()| X (1)]

In order to solve this differential equation, I choose an integrating factor, u(s),

multiplying this factor through the above equation,

1(5) S LB X ()X ()] = p(5)r0 — ps)K[E[X ()| X (1)]]

or

1(s) 55 [Be[ X ()| X (8)] = p(8)R0 + pa(s)(—r)[Ee[X ()| X (1)]

Rearranging, we get

1(5) SB[ X ()X ()] — po(s) (= R)[Ee[X (5)| X (t)]] = pals)0

Note the following relation,

Integrating both sides,

I A () (EX ()X (0)])) = J,T pls)mo

Allowing X (t,s) = [E¢[X (s)| X (¢)]] and integrating,

u(T)X (8, T) = p(t)X (t,1) = 60 [, p(s)ds
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Isolating X (¢,T) yields,
X(t,T)=p Y T)u)z(t,t) + p Y ft s)k0ds

Now, I turn to identifying the exact functional form of the integrating factor,

note that
1(5) 55 [Be[ X ()X (8)] = () (—R)[E[X ()| X ()] = 45 (u(5)) ([E:[X ()| X (£)]])

() 2= (B X ()| X (8)] = ) (=) [ B[ X ()| X (8)]] = pals) LG22 + G X (1, 5)

—pu(s)(—8)[E[X ()| X (1)]] = %X (¢, 5)

Rearranging,

Integrating both sides from 0 to x,

f(')T —(—kK)ds = (‘]T %“

Finally,
p(x) = e R
So, let k¥ = —k

Xt,T)=e"T-DX(t)+e~'T OTit ke 5 ds
X(t,T) = e TDX () + [ ke T dy
X(t,T)=e"AOX(t) + fN e (T=u) dy
Where At is the time between observations
For the variance of the state variable, note that
X(t,T) = " AOX (1) + [2 ke T dy

Differentiating both sides of the above expression,
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dX (t,T) = d(e" T=0X (1)) + d( [ " wbe T~ du)

Applying Ito’s lemma on the first term and differentiating the second term

yields,
dX (t,T) = e® T=DdX () + d(e" T=D) X (t) — ke~ T dt

Plug in the expression derived above for dX (t), and further differentiate the

second term, to obtain
dX (t,T) = e T (k(0 — X;)dt + £dW;) — e T X (t)dt — s TN dt
Hence,

dX (t,T) = e* T=D5dW,

Further note that,

X(T) = X(t,T) + [." dX(s,T)
X(T) = X(t,T) + [, e~ T=)5aw,
VIX(T)] = o2[f e T=)2dw,]

By the Ito isometry and the fact that the Brownian motion process is a

martingale, the above is equivalent to,
VIX(D)) = [T Bl T=2)(er' =I5 ]ds
VIX(T)] = [ er' =557 (e (T=9)Tds

To implement the above variance computation, I used a Simpson-method

adapted quadrature after carrying out some simple algebraic manipulations.
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8.6 Appendix F: Description of the CDGJ (2008) method

for estimating state variables

In this section, I review the method that Collin-Dufresne, Goldstein, and Jones
(2008) (henceforth, CDGJ(2008)) use to compute state variables. Therefore,
nothing new, over and above CDGJ(2008) is being contributed in this section
of the appendix.

The method associated with CDGJ(2008) is contingent upon the fact that
three factors drive most of the explained variation the yield curve according
to Litterman and Schienkman (1991). This approach imposes some parametric
structure while not being dependent upon any model. It uses principal compo-
nents analysis to form derivatives of the yield curve and then a Taylor Series
Expansion about a maturity of zero to tie these to the back to the level of the
yields at the short end of the curve. A simple but messy application of Ito’s
lemma ties these derivatives to state variables.

Specifically, it relies upon the use of principal components analysis to extract
factor loadings from yields with the following maturities; 1 month, 3 month, 6
month, 12 month, 2 year, 3 year, 5 year, and 7 year. Then, I use orthogonality
of the resulting factor loading matrix to obtain the principal component factors.
The next step is to carry out the following regressions; regress the first factor
on a vector of ones and a vector 7 which is a vector that contains the times to
maturity at very short horizons, regress the second factor on the set above plus
a term quadratic in the time to maturity vec, and finally regress the third factor
on the set used in the second regression plus a term that is cubic in the time to
maturity vector. These regressions give me intercept terms plus coefficients that
I use to construct n'* order derivatives. Please note the following approximation

which is a result of the work of Litterman and Schienkman (1991) and others:

y(t,7) = 30y fr(t)Pe(t)

47



where
Py (t) = kthprincipalcomponent factor
fr(t) = factorloading function (i.e.polynomialexpansion forthekt" factor)

Taking the n'" order derivative with respect to 7 of both sides,

oY " (t, ~ 3 o T
W) = yd | A p

A Taylor Series expansion of the yield curve about short maturities connects
the above derivatives to state variables. Specifically, the application of Ito’s
lemma on the Markov state vector X; shown below, in the equivalent risk-

neutral measure.

dX; = m@(X)dt + YN, o (X)dz8

Further, assume that the spot rate is an arbitrary function of the state vari-
ables, i.e. r(X). If I apply Ito’s formula to the Markov State vector above, I
end up the following expression.

dr =YL, Zelmldt+ L, ondz?) + 3 50, o) sigomoindt

From here we can derive the equivalent risk-neutral drift, its variance and
the drift of the drift (although this needs Ito’s formula again.) Then, I define
the price of a zero coupon bond in terms of state variables with maturity T as
follows:

PT(t,Xt) = ef-rY(Xt,-r)

Taking first order derivative with respect to time to maturity and second

order cross-partial derivatives with respect to pairs of state variables allows me

to connect those derivatives to the bond pricing equation
N N .
TP =—-P; + ZiZI sz? + % Zi,j,k Rj07k0]k

Note that this equation is consistent with the absence of arbitrage. Plugging

the derivatives as described above into the bond pricing equation and then using
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a Taylor Series expansion as such

Y(X,7) =YO(Xy) + 7Y (X)) + %TQYQ(Xt) +...
to write yields and plugging that into the bond pricing equation with the
derivatives leads to the desired result. Specifically, after carrying out the above

steps and collecting terms, the first three state variables are
YO(t) = r(Xy)
YHX) = 5 (Xe)
V(X)) = glpa(Xe) = V(1))
Since I use the 3 factor sub family of arbitrage-free affine term structure

models, these are my set of state variables.

9 Appendix G: Monte Carlo Simulation and the
Robustness of the CDGJ(2008) state variable
estimation procedure

This section provides motivation and implementation details regarding the
Monte Carlo simulation exercise used to assess the accuracy and level of unbi-
asedness of parameter estimates and state variable realizations.

In general, Monte Carlo simulations are useful for assessing the level of accu-
racy and bias in parameter estimates. This type of exercise can be very handy
when carrying out estimation procedures that are rather non-ubiquitous within
any literature.

The method used to determine the state variable time-series realizations has
the advantage that it uses principal components analysis to impose some para-
metric structure on the data, yet it is still independent of any model (since

usually a model, like a log likelihood model can be obtained from the assumed
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distribution of the data) (Collin-Dufresne, Goldstein, & Jones, 2008). Since the
principal component factors have strong ties to the variation in the interest rate
structure, using principal component realizations does impose some structure
on the estimation problem, this imposition of structure dramatically reduces
the estimation error. The approach to carrying out the simulations more or less
follows that of CDGJ(2008). The implementation details are discussed below.
The first step in the implementation is to simulate the term structure of inter-
est rates, with exact maturities and length to that of the actual data set, using
the preferred essentially affine A¢(3) model of Duffee (2002). For convenience

of presentation it is shown below:

Ty =00 + 01.X¢1 + 02X 20 + 03X 3

Xi1 (k0)1 K11 Ki2 K13 Xi1
d Xt,2 = (59)2 - ko1 Kaoa Kos Xt,2 dt + SydW;
Xi3 (k0)3 K31 K32 K33 Xi3

Seity = Vi + (Bir + Biz + Bis) Xy

A11 Ay(11)  A2(12)  K2(13)
Ae=5c1 Mo | +50 | Xy Mgz Aops) | X

A13 Ao31)  Agz2)  A2(33)

Please note that S; is defined in Duffee (2002) and for the case of the Ay(3)
model, which contains no square root processes, the 3 vector will be a zero vector
and the a vector will be all ones, so that the S; matrix is a diagonal matrix.
This assumption is consistent with the system of SDEs governing the risk-neutral
dynamics of the state variables in the original model of CDR, (2008). It is also a
characteristic of the Vasicek (1977) model, and, hence will lead to some degree
of similarity between the model obtained in this paper and that of Vasicek

(1977). The rest of the parameters used in the simulation will be obtained from
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Table III in Duffee (2002). It is the case that since the x matrix is not diagonal
based on the results in Duffee (2002), the Ricatti equations that correspond to
Ap(3) do not have an analytic solution and therefore the state variables cannot
be solved for explicitly. A closed form solution can only be found if each state
variable can be written as independent one-dimensional equations. Should the s
matrix, as in this case, have any off-diagonal terms this would not be the case.
Thus, the state variable realizations must be solved for numerically. Runge-
Kutta methods are applied for the purpose. Upon obtaining each simulated
data set, every aspect of the principal component analysis, polynomial order
determination, and state variable determination is repeated N = 1000 times.
Finally, after each simulation in order to assess the bias associated with the
model-independent estimates, actual state variable realizations are regressed on
estimated state variable realizations and record the parameter estimates and
the R2. The basic summary statistics, across all simulations, of these estimates

are shown in the table below.

Table V about here

If this procedure is robust, it should result in high R-squared values, & values
close to 0, and [ values that are close to 1. For the state variables r and p;,
the procedure is clearly robust, however, there is a some bias in the third state
variable yz, since the values for @ are under 10~* in both the low error case and
the high error case. These results are generally consistent with Collin-Dufresne,

Goldstein, and Jones (2008), who also find some bias in the third state variable.
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Table 1: Objective Function Summary Statistics I

SumStat Obj1 Obj2 Obj3 Obj4 Obj5 0Obj6
Mazx 9.93382E-07 | 9.91444E-07 | 9.99883E-07 | 9.99675E-07 | 3.82864E-06 | 6.16223E-06
Mean 5.7768E-08 | 4.18824E-08 | 1.00482E-07 | 2.59315E-08 | 5.10897E-08 | 9.5245E-08
Min 0 0 0 0 0 0
Table 2: Spot Rate Summary Statistics 1
SumStat 1mo 3mo 6mo 9mo 12mo 2yr 3yr
Mean .041452 | 0.04165 | 0.04238 | 0.04306 | 0.04388 | 0.04615 0.04689
Stdev .018007 | 0.01817 | 0.01811 | 0.01800 | 0.01775 | 0.01558 0.01502
Max .068213 | 0.068688 | 0.071088 | 0.073325 | 0.075013 | 0.076023 | 0.0761435
Min .0102 0.01 0.0098 0.0098 0.0099 0.01274 0.0140
Table 3: Spot Rate Summary Statistics 11
4yr Syr 6yr Tyr Syr 9yr 10yr
0.048923095 | 0.050629149 | 0.050956625 | 0.052466774 | 0.054328929 | 0.05479061 | 0.054736418
0.013608364 | 0.012469005 | 0.0127204 | 0.011306438 | 0.009487977 | 0.009178017 | 0.010248859
0.076653834 | 0.077071259 | 0.07714431 | 0.077500499 | 0.078732693 | 0.077706258 | 0.078018169
0.017390459 | 0.0210382 | 0.017783384 | 0.025563812 | 0.022162332 | 0.025846701 | 0.013836525
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Table 4: Summary Statistics of State Variables

Statistic r 1 142
mean 0.0311 | 0.2427 | 20.1513

st —dev | 0.0119 | 0.0366 | 0.1248
max 0.0541 | 0.3327 | 20.6052
min 0.0060 | 0.1261 | 19.8112

Table 5: Check for Accuracy and Unbiasedness of State Variable Estimates

SV " M1 H2
M.E. | 105xa | §B 108«a| B R? | 100004 | 2 R?
0 .0000 | 1.000 | 1.000 | .0000 | 1.000 | 1.000 | .0000 | 1.000 | 1.000
0.5 | -0.0001 | 1.000 | 1.000 | -0.014 | 1.000 | 1.000 | -0.028 | 1.001 | 0.999
2.0 | .00575 | 0.999 | 0.999 | -0.120 | 0.999 | 0.999 | 0.17 | 0.997 | 0.991
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Table 6: Maximum Likelihood Estimation of Ag(3) system using the Inversion
Method to estimate state variables

Parameter | Max. Likelihood Estimate (Std. Error)

01 -0.1261

O 0.1472

A 1.969

o1 2.2226e ° (1.751e ")
o921 4.00e=3 (2.409¢~7)
022 8.06e T (2.216e )
031 2.95¢73 (2.156e°)
32 T.1e % (2.284¢79)
033 9.05¢=* (2.186e~°)
> 0.005091 (0.0107986)
Yo —0.0035 (0.417081)
Yo 0.01010 (0.29754)
¥3 0.02280 (0.544253)
T2 —0.0294 (0.18495)
Y3 0.1266 (2.47298)

Note: The elements of the measurement error matrix and their standard

errors were multiplied by 10000

99



Table 7: Maximum Likelihood Estimation of Ag(3) system using the
CDGJ(2008) Method to estimate state variables

Parameter | Max. Likelihood Estimate (Std. Error)

01 -0.0908

2 0.1282

A 2.113

o11 1.712e7° (4.670e~Y)

a1 1.044¢ 7 (1.641e )

72 0.84c 1 (2.294¢ %)

031 2.95¢ 73 (4.4215¢79)

732 Tle 7 (2.783¢ 0)

033 9.05¢~* (1.596e79)
Ymens 0.005091 (0.044415)
Ymes —0.00350 (0.027970)
Yimess 0.01010 (0.4994276)
Yimes 0.02280 (0.1447076)
Y mess —0.0294 (0.631626)
e 0.1266 (1.3336224)

Note: The elements of the measurement error matrix and their standard

errors were multiplied by 10000
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Table 8: Maximum Likelihood Estimation of A¢(3) system using a Kalman
Filter State Space Formulation

Parameter | Max. Likelihood Estimate (Std. Error)

01 0.2220

02 0.0424

A 3.718

o1 1.232¢ 7 (8.084¢ )

o921 2.029¢ 73 (1.078e™")

092 7.989¢=* (2.685¢~7)

031 3.599¢73 (6.053¢ %)

032 1.105e~* (6.183e™")

033 8.039¢~* (5.732¢7)
Yimey, 0.005091 (0.000001)
Ymes —0.00350 (0.002235)
Yimess 0.01010 (0.000922)
Seas 0.02230 (0.003385)
Yimess —0.0294 (0.000008)
Y imess 0.1266 (0.002004)
Yimey, 0.01593 (0.0000028)
Yimeas 4.8318e~" (0.0000005)
Y meas 0.03513 (0.0000007)
Yimeyy 0.01695 (0.00000083)
Lmeus —0.007953 (0.00000268)
Limes 0.09995 (0.0000376)
Yimess 0.04486 (0.0000013)
Yimess —0.04503 (0.00000291)
Lmess 0.03022 (0.000000761)
Yimese —0.4043 (0.000000751)
Ymes 0.01693 (0.0000026)
imegs —0.1295 (0.0000356)
Y imess 0.09999 (0.0000226)
Yimega —0.09053 (0.000001105)
Smees 0.49618 (0.000002216)
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Table 9: Ay(3) Yield Errors: This table contains root mean squared errors
computed from yields over the 1996-2008 sample for the Ay(3) model. For the
parameter vectors in the table above, the model-implied yields are computed as
Y(t,7)= @ + @X (t) and errors are defined as actual minus model-implied
yields measured in basis points. The inversion method inverts the state vector
X (t) from the 3 month, 2 year, and 4 year yields, while the CDGJ(2008) method
uses estimates of 7. p1, and pg as actual state variables. The Kalman Filter uses
a dynamic recursive state space formulation to estimate the transition dynamics,
X(t).

Yield Inversion Method | CDGJ(2008) Method | Kalman Filter
1 — month 3.2866 3.2855 3.2856
3 — month 0 1.479 5.749
6 — month 5.1813 15.0795 20.665
9 — month 1.7615 5.3561 12.3892
12 — month 5.901 4.202 7.966
2year 0 19.002 11.168
3year 3.7600 2.0834 11.941
dyear 0 1.771 14.841
dyear 0.7301 3.1625 13.669
6year 3.6998 4.7819 13.815
Tyear 8.2837 6.938 14.080
Syear 9.5827 8.841 13.344
9year 12.3431 10.1150 13.955
10year 15.1858 11.1312 14.953
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